A proper orthogonal decomposition based model is considered for two-dimensional vortex shedding past a confined square cylinder. The aim is to study the validity of such a model for Reynolds numbers and blockage ratios that are different from those for which the model was derived. Using a calibration procedure it is shown that reliable results can be obtained in terms of short-term (one period) dynamics. Longterm dynamics are accurately captured with a variation of the Reynolds number, whereas the error becomes large when the blockage ratio changes. The controllability and observability of vortex shedding at a slightly supercritical Reynolds number is investigated relying on the accurate low-order models obtained.
Introduction
The laminar two-dimensional flow past a square cylinder inside a plane duct presents flow features that make it attractive for the investigation of low-order models. It is a reasonable compromise between complexity of the physical phenomena and computational affordability.
A von Kármán vortex street develops past the cylinder when the Reynolds number increases above a critical value. This value is a function of the blockage ratio, i.e. the ratio between the cylinder side and the channel height. The resulting flow is characterized by the interaction of the vortical wake and the walls. The critical Reynolds number, based on the mass inflow, varies in the literature between 50 and 90 (Okajima 1982; Sohankar, Norberg & Davidson 1998; Breuer et al. 2000) . Davis, Moore & Purtell (1984) discovered that the non-dimensional shedding frequency (the Strouhal number) reaches a maximum and then decreases as the Reynolds number increases. This phenomenon is generally ascribed to the shift of the separation point from the trailing to the leading square corners (Davis et al. 1984; Suzuki & Inoue 1993; Breuer et al. 2000) .
The subject of this paper is low-dimensional modelling of such flow regimes using proper orthogonal decomposition (POD) (Lumley 1967) . The Navier-Stokes equations are projected onto a low-dimensional function space and the ordinary differential equations that are obtained are solved instead of the full high-dimensional problem.
The purpose of this work is to assess the possibility of modelling a moderately complex flow over a range of flow parameters. This issue is important because POD functions are derived from existing databases of an experimental or numerical nature. Therefore, it is crucial to verify and possibly to enlarge the validity range of these models beyond the parameter values for which they were derived. This matter has not yet been settled: Deane et al. (1991) tried an extrapolation of their POD models to different flow regimes. They considered a grooved channel flow and the flow past a circular cylinder. The results are contrasting: for the grooved channel flow the model extrapolates reasonably well over a range of Reynolds numbers, while for the cylinder case the extrapolation for different Reynolds numbers is very poor. Prabhu, Collis & Chang (2001) showed that various control laws affect the POD functions and also their energy ranking. Ma & Karniadakis (2002) instead found that by combining two sets of sub-and supercritical POD modes, it was possible to accurately reproduce the onset of three-dimensional instability in a circular cylinder wake.
An additional contribution of this work is the use of the linear control theory to elucidate the controllability and observability of a feedback controller based on the flow low-order model. Basic control tools are applied to our models with the assumption that since they provide a very accurate flow prediction, the control results can reasonably be extended to the full order problem. In particular we investigate the controllability and observability of vortex shedding past the cylinder at a slightly supercritical Reynolds number, using a linearized low-order model. This means that we could only control the linearly unstable modes, but these are the only unstable modes for slightly supercritical Reynolds numbers, see the discussion in Gillies (1998) .
The flows considered in the next sections have a Reynolds number based on channel height which ranges from 60 to 255, and a blockage that ranges between 0.125 and 0.375. Due to confinement, within those limits the flow is believed to be still twodimensional and laminar (Okajima 1982; Davis et al. 1984; Suzuki & Inoue 1993; Breuer et al. 2000) .
Low-dimensional modelling
2.1. Numerical simulation We deal with a flow around a square cylinder symmetrically placed between semiinfinite parallel walls (figure 1). The inlet velocity profile is parabolic. Channel length and cylinder position are optimized to minimize the influence of the inflow and outflow boundary conditions. Let L the length of the side of the square, H the height of the channel and β = L/H the blockage ratio.
The flow field is obtained by numerical integration of the full non-dimensional Navier-Stokes equations (2.1). The simulation is achieved by means of a finitedifference multigrid method on a Cartesian mesh. The integration scheme is second order in space and time and reaches third-order accuracy for nonlinear terms. Special care is taken to ensure the non-reflectiveness of the exit artificial boundary. Details can be found in Bruneau & Fabrie (1994) and Bruneau (2000) . The penalized Navier-Stokes equations
are solved in the whole domain Ω = (0, 4H ) × (0, H ) including the body up to time t = T . They are coupled to the no-slip boundary condition on the walls, Poiseuille flow at the entrance section and the artificial boundary condition mentioned above at the exit section, together with an initial datum at t = 0 on the velocity u(., 0) = u 0 . The solid obstacle is considered as a medium of zero permeability (K = K s = 0) while the fluid is considered as a medium of infinite permeability (K = K f = ∞ ); numerically we set K s = 10 −8 and K f = 10 16 . The grids are uniform and the resolution is the same both in the x-and y-directions with at least 32 points on the square side for the lowest blockage on the finest 1024 × 256 grid. Therefore, the number of points on the finest mesh is M 250 000 for all of the investigated flows. The numerical results are validated by comparing the Strouhal-Reynolds curve we obtained to those in the literature (Breuer et al. 2000; Mukhopadhyay, Biswas & Sundararajan 1992) , as shown in figure 2(a).
POD-Galerkin model and calibration procedure
Let us consider a data set that was obtained through a numerical simulation and arranged as N vectors {U
(1) , U (2) , . . . , U (N) }, where each vector represents a snapshot of the velocity field at a given time. The aim is to find a low-dimensional subspace of
} that gives the best approximation of L. To this end we define a unit norm vector φ that has the same structure as the snapshots and the largest mean square projection on the elements of L. Following Sirovich's idea (Sirovich 1987) we express φ as a linear combination of the snapshots, φ = N n=1 b n U (n) , which leads to the eigenproblem Cb = λ b, where
The solution of the eigenproblem yields the eigenfunctions (POD modes) φ n that form a complete orthonormal set. The instantaneous velocity can be expanded in terms of the POD eigenfunctions: u(x, t) = N r n=1 a n (t)φ n (x). The original goal of obtaining a lowdimensional subspace which approximates the set L can be achieved by neglecting the less energetic modes in the expansion, i.e. the modes that correspond to the smaller eigenvalues. In practice, since N r i=1 λ i is proportional to the amount of energy contained in the first N r modes, we choose N r so that the ratio
λ i is for instance 99.99%. For our problem N ranges from 50 to 90, whereas N r is around 20. We calculated the energy fraction contained in the first POD modes for a given blockage ratio and several values of the Reynolds number (figure 2b). Note that the number of POD modes that are necessary to represent a given energy level rises as the Reynolds number increases. Higher values of the Reynolds number correspond to more kinetic energy in the smaller scales, therefore more POD modes are necessary.
The POD modes integrate the obstacle and are divergence-free by construction. Hence, substituting the expansion of the velocity in terms of the POD modes into the weak formulation of Navier-Stokes equations and performing a Galerkin projection on the POD modes, one obtains the following nonlinear ordinary differential system:
where the Einstein notation for summations was used, (f, f ) denotes the canonical l 2 inner product and the coefficients B ksr and D kr are real. The initial value problem (2.2) is a reduced-order model of the Navier-Stokes equations called the POD-Galerkin model. The projection term relevant to the pressure is a measure of the pressure drop along the channel: −(∇p, φ r ) = Γ i p φ r · i dy − Γ o p φ r · i dy where Γ i and Γ o denote the inflow and the outflow section respectively and i denotes the unit vector in the x-direction. Unfortunately, the pressure cannot be easily expressed as a combination of POD modes. Therefore, we use a linear model of the relevant projection term, that is −(∇p, φ r ) = C kr a k (t), where the real coefficients C kr are computed as explained below. Hence system (2.2) yieldṡ
In view of the orthogonality of the POD modes, the inner product of the ith snapshot and the rth mode represents the reference value of coefficient a r (t) computed at the time t i , that is, a ex r (t i ) = (u(x, t i ), φ r ). Lettingâ r (t) be the spline that interpolates the set of points (t 1 , a ex r (t 1 )), . . . , (t N , a ex r (t N )), coefficients C kr can be found by minimizing the functional J =
2 . The result of this least-square procedure is further refined by finding the extremum of J = N r r = 1
2 dt under the constraints (2.3). The extremum of J is obtained by introducing a suitable Lagrangian function. The necessary conditions for the Lagrangian extremum define a direct-adjoint problem that converges quickly. These procedures can be viewed as a sort of calibration of the model on the given database and in principle can be extended to other applications.
For the case of β = 0.125 and Re = 90, in agreement with the results of Deane et al. (1991) , the number of modes that are necessary to capture more than the 99.99% of the energy of the system is N r = 7, as is seen in figure 2(b) . Once the calibration matrix C is computed by means of the optimization procedure, the initial value problem (2.3) can be integrated in time. The results are the time histories of the mode amplitudes a r (t), which should be compared to thoseâ r (t) obtained by projecting the numerical data on the POD modes. The model predicts a stable limit cycle that exactly copies the one that corresponds to the full Navier-Stokes simulation for both small and large time intervals. Thus the seven-equation POD-Galerkin model, with an even number of fluctuating modes and a mean flow mode, gives a precise description of both short-and long-term dynamics of the flow. Without calibration and keeping a 1 (t) constant (which basically gives the average flow), one obtains a limit cycle that shows a phase drift in time, but does not diverge.
Model predictions as a function of the Reynolds number
We applied the POD technique to extract an optimal basis from a mixed database that contains snapshots at different Reynolds numbers, see Ma & Karniadakis (2002) , and at a fixed blockage ratio of 1/8. In particular we combined 51 snapshots at Re = 90, 55 snapshots at Re = 135 and 53 snapshots a Re = 180. We consider a model based on N r = 39 POD modes extracted from these 159 snapshots. The snapshots belonging to the mixed database are reconstructed by the 39 POD modes with an error which is always less than 0.1% in terms of the snapshot kinetic energy. The 39-mode model is used to predict the flow behaviour for Re = 90, 135, 180. For instance, let us consider Re = 108, which locates a point in the increasing part of the St, Re curve ( figure 2a) . By calibrating the model on each of the three given sets of snapshots, one obtains three calibration matrices C 90 , C 135 , C 180 .
A quadratic interpolation can be performed: C(Re) = C 90 ψ 90 (Re) + C 135 ψ 135 (Re) + C 180 ψ 180 (Re), where ψ 90 (Re), ψ 135 (Re), ψ 180 (Re) are the Lagrange interpolating polynomials based on the nodes Re = 90, 135, 180. This allows us to estimate the value C 108 = C (108) and then to solve the system of ODEs (2.3). The predictions of the model are then compared with the projection of a Navier-Stokes full simulation at Re = 108 on the current POD basis. The comparison is carried out over the first shedding period (figure 3) and after 30 shedding periods (figure 4): the predicted limit cycle is stable and converges on the full Navier-Stokes limit cycle for the second and third modes. The model prediction of the Strouhal number at Re = 108 (not included in the database from which we extracted the POD modes) is obtained by taking the fast Fourier transform of the computed coefficient a 2 (t) over 30 shedding cycles. The result is a Strouhal value of 0.140 versus a full Navier-Stokes simulation value of 0.141, for a relative error of 0.7%. It is interesting to repeat the preceding process for several values of the Reynolds number in the range 60 to 225 in order to construct the Strouhal-Reynolds curve predicted by the model. The curve obtained by integrating the model equation over a short time (figure 5a) exactly matches the one obtained by the full numerical simulation, whereas the analogous curve for a longer time integration (figure 5b) shows a loss of precision in the results.
Model predictions as a function of the blockage ratio
In this section we establish a low-order model that would be capable of capturing the essential features of the flow in the channel as the square size varies. A 31-equation model is calibrated on the numerical database relevant to β = 0.125, 0.250, 0.375 according to a procedure that is analogous to that described before. By integrating the model for a value of the blockage ratio that is different from those used to build the POD basis one can observe that the long-term dynamics predicted by the model diverges. However the short-term prediction matches the full Navier-Stokes limit cycle for at least the third and fourth modes, as shown in figure 6 for β = 0.203 and in figure 7 for β = 0.305. The second POD mode is not oscillatory and has the same nature as the first one, in the sense that it is the correction of the mean flow caused by the variation of the blockage. The predictions of the PODGalerkin model as a function of the blockage ratio are less accurate than those where the Reynolds number is varied. When the blockage ratio varies, the flow in the neighbourhood of the obstacle is affected. The mean flow is also considerably different because the two unsteady jets existing in the regions above and below the cylinder become increasingly intense with larger squares. Thus, for example, modes constructed for a blockage ratio of 0.125 and 0.250 cannot produce a precise solution for a blockage ratio of 0.203 in the cylinder neighbourhood, even if the calibration term accommodates the geometry and mean flow variation.
Flow controllability and observability
In this section we attempt an assessment of flow controllability and observability. An example is given where the model limit cycles are stabilized by feedback control.
The vortex street observed in the flow past a bluff body is due to a global flow instability (a global mode), which results from a region of local absolute instability in the near wake of the body (Huerre & Monkewitz 1990) . As the Reynolds number is increased above the critical value Re cr at which instability develops, other global modes appear besides the first one which is responsible for the onset of the vortex street. To control such flows, many global modes therefore have to be stabilized. Nevertheless, for a value of the Reynolds number that is slightly higher than Re cr , it can be expected that the forcing required to control the flow is not large enough to destabilize the higher global modes. Hence, it seems reasonable to attempt the stabilization of the first unstable global mode by a linear feedback control strategy. For a blockage ratio of 0.125, to which a critical Reynolds number of 58 corresponds, we tried to stabilize the flow field at a Reynolds number of 66. The actuator action that was chosen is to vary the flow rate as it can be easily implemented in the low-order model.
We performed a numerical simulation of the flow that develops from the steady unstable solution at Re = 66. The steady unstable solution was obtained from the same code that was used for the unsteady simulations. The motion is impulsively started from rest. Initially a symmetric solution is formed with two attached recirculating regions, then the growing instabilities reach an amplitude which disrupts the base flow. After initialization from rest, the integration step was taken so small that we were able to identify the symmetric field with the minimal time residuals, of the order of 10 −5 compared to 10 −3 which is the usual time residual after the instability develops. This is taken as the steady unstable solution.
We extracted 67 snapshots during one period of the fully developed flow. Following the previously illustrated procedure, a N r = 7 model was developed. Let U denote the snapshot of the steady unstable solution. The equilibrium point that we want to stabilize isā r = (U, φ r ). Expanding f r as a power series about this equilibrium point and neglecting the second-order terms one obtainsȧ r (t) = f r (ā 1 , . . . ,ā N r ) + J rj (a j (t) −ā j ) where J rj = −(B kj r + B jkr )ā k + C jr + D jr /Re. By taking into account that f r (ā 1 , . . . ,ā N r ) 0 the linearized state equation isȧ r (t) = J rj (a j (t) −ā j ).
At the inlet section only the longitudinal component of the first mode is non-zero. The u velocity component is u(0, y, t) = a 1 (t) φ u 1 (0, y), and hence a 1 (t) provides a measure of the flow rate in the channel. This suggests the use of the following simple linear control law:
(3.1)
Let us define the perturbation of the system from the equilibriumã(t) = a(t) −ā; then the linearized control system iṡ 
where n = N r − 1 is the size of matrix A. In the present case the controllability matrix has a rank of 6 and hence system (3.2) is controllable.
Another major property of the system is the observability, that is the possibility of estimating the state from the output. As output we choose the wall stress measured along the channel walls between the abscissae x 1 and x 2 . The relationship between the output b(t) and the state a(t) can be obtained by means of a least-square procedure that minimizes the functional
2 dx where τ denotes the measured quantity and τ is the wall stress in terms of POD modes. The solution is given by b k (t) = C kr a r (t) where
The problem that soon rises is that of determining the abscissae x 1 and x 2 in such a way that C −1 rj b j (t) gives the best approximation ofâ r (t) and |x 1 − x 2 | is as small as possible. We did not deal with this problem in a systematic way; however after some tests we have found that a reasonable compromise is given by measure segments placed 4L downstream to the cylinder centre and 3L long. This choice yields an error of reconstruction of the state variables (1/N r )
0â r (t) 2 dt that is less than 1%. The corresponding 7 × 49 observability matrix [
has a rank of 7: the linear systemȧ r = J rjãj is completely observable.
As an example, we stabilize the 7-equation model about the equilibrium point. We resort to a linear quadratic (LQ) regulator that finds the set of coefficients K j that minimize the functional
2 ) dt under the constraint of system (3.2). Once we have calculated the coefficients K j by solving the associated Riccati equation, we integrate the original nonlinear system (2.3) with the control (3.1), starting from an initial state close to the equilibrium. The results, in the form of perturbationã(t), are depicted in figure 8 . It is shown that a variation of the flow rate of less than 1% is sufficient to control the instabilities of the transient regime described by our low-order model.
Conclusions
A low-dimensional model of the flow past a square cylinder mounted inside a channel has been developed. The model was obtained from a Galerkin projection of the Navier-Stokes equations on the empirical eigenfunctions extracted from a database of a full numerical simulation by means of POD. We used this PODGalerkin model to describe the flow for values of Reynolds numbers and of blockage ratio that were different from those used to extract the POD basis. The model is effective in capturing the short-and long-term dynamics for appreciable variations of the Reynolds number. The Strouhal-Reynolds curve, built on the basis of the shortterm predictions of the model, accurately matches the one obtained by numerical simulation, a result that could be important for practical applications, e.g. in flow control. The model predictions as a function of the blockage are less accurate than those where the Reynolds number is varied. Nevertheless, it is possible to develop a low-order model that provides a fairly good representation of the short-term dynamics of the flow when the geometry is varied. We also considered the application of this POD-Galerkin modelling to study basic issues pertinent to the control of the wake past the cylinder. A 7-equation model of the transient regime was generated from a numerical database at Re = 66. The model was linearized about a state corresponding to the steady unstable solution of the Navier-Stokes equations at Re = 66, then its controllability and observability properties were proved. In particular, the state can be precisely estimated from stress measurements along a limited portion of the walls. The feedback control law deduced from the linearized system was given as input to the nonlinear system. It yielded the suppression of the instabilities of the transient regime with a variation of the flow rate of less than 1%. This wake model is very precise in capturing the limit cycle at Re = 66, therefore our conjecture is that at least controllability and observability will carry on to the full order model, i.e. the Navier-Stokes equations. The effectiveness of the linear control obtained on a problem governed by the full Navier-Stokes equations as well as the limits of validity of the linearized approach is the object of current investigations.
